A construction of caps is given which yields in particular caps with a free pair of points. Applying this construction, we meet the bound of Farr and Lisoněk [J. Farr, P. Lisoněk, Caps with free pairs of points, J. Geom. 85 (2006) 35-41] for caps with a free pair of points in PG(5, q), q even.
Introduction
Let (P, L) = PG(n, q) be the projective space of order q and dimension n. A cap of PG(n, q) is a subset C ⊂ P of points, no three of which are collinear. A 2-set {x, y} ⊂ C of a cap C is called a free pair of points if any plane through x, y has at most three points in common with C. Caps with free pairs of points are of great interest in the area of statistical experimental design (cf. [3, 8] ).
The maximum number of points of a cap is denoted by m 2 (n, q), and the maximum number of points of a cap containing at least one free pair of points is denoted by m + 2 (n, q). The number m 2 (n, q) is only known in the following cases (cf. [7] ): m 2 (n, 2) = 2 n , m 2 (2, q) = q + 1 for q odd, m 2 (2, q) = q + 2 for q even, m 2 (3, q) = q 2 + 1 for q > 2, m 2 (4, 3) = 20 by G. Pellegrino [6] , m 2 (4, 4) = 41 by Y. Edel and J. Bierbrauer [2] and m 2 (5, 3) = 56 by R. Hill [5] . With respect to the other cases, only lower and upper bounds are known.
Concerning the number m + 2 (n, q) there are the following results.
Theorem 1 (H. Chen, A.S. Hedayat [1] ). For all n ∈ N, m + 2 (n, 2) = 2 n−1 + 1.
Theorem 2 (J.B. Farr, P. Lisoněk [3] ). For all n ∈ N we have m
n−2 k=0 q k . Equality holds for n = 2, 3, 4.
In this note, we will show that the bound of Farr and Lisoněk is also sharp for all even q and n = 5 (cf. Proposition 1). We obtain the corresponding caps by a construction for caps which we found when we were analyzing the caps D. Glynn [4] constructed on the Klein quadric in PG(5, q).
Although for n = 3 this construction yields only small caps, for n = 4 and q = 3 it yields the largest possible caps, while for n = 5 it gives caps of the same size as Glynn's caps.
For caps with at least one free pair, our construction confirms the result of Theorem 2 when n ≤ 4. Also Theorem 1 can be proved by using our construction (cf. Example 5).
The construction
Let (P, L) = PG(n, F) be the n-dimensional projective space over the field F where P denotes the set of points and L the set of lines.
Let T, U be complementary subspaces, T, U = ∅. For x ∈ P, let T x = T ∪ {x} be the subspace spanned by T and x. For every x ∈ P\T , we have dim
In the following, let
The projection π T induces a collineationπ T from the quotient space
The following theorem can be used to construct caps, in particular caps with a free pair. Theorem 3. Let K be a cap in U . For every c ∈ K , let K c be a cap in T c such that
(1) C is a cap in P with |C| = c∈K |K c \ T | + |C T |. (2) If {x, y} is a free pair of one of the caps K c and x ∈ C T , y ∈ T , then {x, y} is a free pair of C.
(2) Let c ∈ K with {x, y} ⊂ K c , and let z ∈ C \ {x, y} and E := {x, y, z}. If z ∈ K c then E ⊂ T c , thus
Let z ∈ C \ K c . Then there is exactly one c ∈ K with z ∈ K c . Because of z ∈ K c we have 
Examples
In the following, let (P, L) = PG(n, q) be a finite projective space of order q. Let T, U be complementary subspaces. If T = {t} consists of one point t and c ∈ U we choose as cap K c in T c a 2-set of the line t, c with t ∈ K c . If T is a line, c ∈ U , we choose in T c as K c a cap of size m 2 (2, q) with K c ∩ T = ∅, i.e. an oval if q is odd and an oval together with its nucleus if q is even, where T is an external line.
If T is a plane, c ∈ U then T meets every ovoid of T c in at least one point. Therefore we choose a point x ∈ T and as K c ⊂ T c an ovoid with K c ∩ T = {x}.
If U is a line or a plane or a solid, we choose as cap K in U a 2-set, a cap of size m 2 (2, q) or an ovoid respectively.
(a) Let T, U be skew lines. Then the construction in Theorem 3 yields a cap C with |C| = 2(q + 1) points if q is odd and |C| = 2(q + 2) points if q is even. (b) Let U be a plane of (P, L) and T = {t}. Then the construction in Theorem 3 yields a cap C with |C| = 2(q + 1) points if q is odd and |C| = 2(q + 2) points if q is even.
Clearly, for dimension 3, we obtain only small caps.
(a) Let T be a plane, x ∈ T and let U be a line skew to T . Then the construction in Theorem 3 yields a cap C with |C| = 2q 2 + 1 points. (b) Let T be a line skew to the plane U . Then the construction in Theorem 3 yields a cap C with |C| = (q + 1) 2 points if q is odd, and |C| = (q + 2) 2 points if q is even. (c) Let U be a solid of (P, L) and t ∈ P \ U . Then the construction in Theorem 3 yields a cap C with |C| = 2(q 2 + 1) points. For q = 3 we obtain |C| = 20 = m 2 (4, 3).
(a) Let T, U be two skew planes and let n ∈ T . Then the construction in Theorem 3 yields a cap C with |C| = q 2 (q + 1) + 1 points if q is odd and |C| = q 2 (q + 2) + 1 points if q is even. (b) Let T be a line and let U be a solid skew to T . Then the construction in Theorem 3 yields a cap C with |C| = (q + 1)(q 2 + 1) points if q is odd and |C| = (q + 2)(q 2 + 1) points if q is even.
Example 4. Let dim P = 6. Let T be a plane and U a solid skew to T , and let n ∈ T . Then the construction in Theorem 3 yields a cap C with |C| = q 2 (q 2 + 1) + 1 points. Now we will construct examples with a free pair of points.
Let T = {v, w, x} be a line and let U be a subspace with dim U = n − 2 and T ∩ U = ∅. Let K ⊂ U be a cap with |K | = 2 n−2 . Let y ∈ K be a fixed point. Then {x, y} is a free pair of the cap K y := {x, y, w}. For c ∈ K , c = y, let K c := T c \ {v, c}. Then K c is a cap in T c with |K c | = 4 and x, w ∈ K c . By Theorem 3(2), C = c∈K K c is a cap with free pair {x, y} and |C| = 2 · (2 n−2 − 1) + 3 = 2 n−1
Example 6. Let dim P = 3. Let T, U be two skew lines. Let c 1 , c 2 ∈ U, c 1 = c 2 . In the plane T c 2 , let x, y, a be three non collinear points with x ∈ T, y, a ∈ T . Then {x, y} is a free pair of the cap K 2 := {x, y, a}. In the plane T c 1 , let K 1 be an oval with K 1 ∩ T = {x}. By Theorem 3(2), C = K 1 ∪ K 2 is a cap with free pair {x, y} and |C| = q + 3 = m + 2 (3, q).
Let T be a plane and U ∈ L a line skew to T . Let x ∈ T and c 1 , c 2 ∈ U, c 1 = c 2 . In the solid T c 1 , let K 1 be an ovoid with K 1 ∩ T = {x}. In T c 2 there is a cap K 2 with a free pair {x, y} and K 2 ∩ T = {x}, |K 2 | = q + 3. By Theorem 3(2), C = K 1 ∪ K 2 is a cap with free pair {x, y} and |C| = q 2 + q + 3 = m + 2 (4, q).
Proof. Let T, U be two skew planes of (P, L) = PG(5, q). Let x ∈ T and K ⊂ U a cap with |K | = q + 2 if q is even, i.e. K an oval together with its nucleus, and |K | = q + 1 if q is odd, i.e. K an oval. Let c ∈ K be a fixed point and let K c be a cap in T c with free piar {x, y}, K c ∩ T = {x} and |K c | = q + 3. For c ∈ K , c = c , let K c be an ovoid with K c ∩ T = {x}. By Theorem 3(2), C = c∈K K c is a cap with free pair {x, y}. Furthermore, |C| = q 2 (q + 1) + q + 3 if q is even, and |C| = q 2 · q + q + 3 if q is odd.
Proposition 2. For all q, we have m + 2 (6, q) ≥ q 4 + q + 3.
Proof. Let T be a plane and U a solid of PG(6, q) with T ∩ U = ∅; let x ∈ T and let K be an ovoid in U . As in the proof of Proposition 1, let c ∈ K be a fixed point and let K c be a cap in T c with free piar {x, y}, K c ∩ T = {x} and |K c | = q + 3. For c ∈ K , c = c , let K c be an ovoid with K c ∩ T = {x}. Again by Theorem 3(2), C = c∈K K c is a cap with free pair {x, y}. Furthermore, |C| = q 2 · q 2 + q + 3.
Remark. In [3] were given the following results obtained by computer search: m 
